A generic mathematical and practical approach, suited for MEMS DRIE fabricated devices, which enables the elimination or significant reduction of the inaccuracy of harmonic ratios, is presented. The approach is useful for any multiple-degrees-of-freedom system in which such accuracy has an impact on performance such as resonating gyro and uniform rate scanners. The causes for inaccuracy are investigated and a mathematical solution that theoretically eliminates the inaccuracy of harmonic ratios in MEMS DRIE fabricated devices is proposed. Specifically, we demonstrate the proposed approach on a multiple-degrees-of-freedom vibrating mirror, intended for uniform rate scanning for raster scan video applications. Results of the fabricated new asymmetric 3 degrees of freedom MEMS devices are introduced and discussed. An improved device utilizing the proposed design achieved harmonic ratio accuracy in the order of 0.1% and triangular wave amplitude of about 5
Introduction
A new design approach of an oscillating MEMS mirror with high compliance at integer multiples of a basis frequency has recently been presented in [1] . This design lends itself to producing uniform rate scanning by setting the system's natural frequencies to the frequencies of the significant terms in the Fourier series of the desired waveform, thus achieving high compliance to the desired waveform. Theoretically, such a design will optimally minimize the torque required to drive the mirror at a uniform rate for a given angular deflection but, as will be explained shortly, the typical deviation of natural frequencies from their nominal values prevents this from happening, thus putting the feasibility of the proposed dynamical design approach in question. Figure 1 shows a measured frequency response function (FRF) of an actual MEMS mirror structure with 5 degrees of freedom (DOF) similar to the one shown in [1] . The measurement was taken at a vacuum level of 2.8 Pa (21 mTorr). The mirror was actuated via an electrostatic parallel plate arrangement and the gap between the electrodes and the mirror was 19.5 µm.
Looking at the measured FRF, we can deduce that the structure has very low damping attributed to the vacuum environment and the low internal damping of the single crystal silicon (SCS). Consequently, the structure exhibits very high gain at the resonances on one hand but very narrow bandwidth on the other. Taking into consideration the natural frequencies for the generation of a 3-term triangular wave with a basic frequency of 16 kHz shown in figure 1, for which the device was designed, shown as dashed vertical lines, it is very clear to see that the gain at these frequencies, i.e. 16 , 48 and 80 kHz, is far less than the one at resonance, thus reducing the crucial benefit from the dynamic concept shown in [1] and putting the feasibility of the entire presented dynamic design in question. In this specific device, resonance frequencies are 13 716.5, 41 754.3 and 70 809. 6 Hz.
The deviation of the natural frequencies from their nominal values, in resonating MEMS devices, is a wellknown phenomenon. It can appear as on-wafer frequency variation as well as wafer-to-wafer variation. For example, reports on MEMS devices with average resonance frequencies of 23 183.1 Hz and 23 091. 4 Hz and standard deviation of 1231.8 Hz and 1214.1 Hz, respectively, were reported in [2] . Another report indicates a resonance frequency of 12.42 kHz and standard deviation of 1.3% [3] . A theoretical study [12] predicts a standard deviation of 6.33% and 3.65% for a nonrobustly designed micro-resonator with natural frequencies of 1 kHz and 10 kHz, respectively.
The deviation of natural frequencies is usually attributed to process-induced non-uniformities [3, 14] that cause differences in fabricated dimensions [2] . Others attribute natural frequency deviations to design errors, defects and stresses [4] or micromachining errors [9] .
It is well known that although lithography-based MEMS fabrication techniques enable the production of small features in the order of a few microns their relative geometrical tolerance is poor and resembles house construction tolerances of 1%, see [5, pp 380-1] or even 10% [2] , while precision machining techniques achieve a relative geometrical tolerance of 0.0001% [5, pp 380-1] which is four orders of magnitude better. An industry rule of thumb stating a geometrical tolerance of ±1 µm on all dimensions is also common which, for typical dimensions in the order of 10-100 µm, resembles prior criteria.
For a 1 DOF MEMS system, the natural frequency depends on the mass, stiffness and its damping. Any deviation from the assumed values of material properties, device dimensions, in-plane and thickness, and ambient physical conditions may result in a deviation from the assumed or calculated natural frequency. Another probably overlooked cause is the prediction method of the natural frequencies. In order to capture the accurate dynamical behaviour for the actual resonating device, a finite element (FE) analysis (FEA) is most likely to be needed during the design phase. FEA requires both a deep understanding of the physical behaviour and its numerical modelling from element selection, boundary condition and convergence. FE modelling has an important implementation in our current discussion and although it has been dealt within the course of the research it is beyond the scope of this paper to discuss the fine points of FEA modelling that achieves the desired accuracy.
Different approaches have been employed in the past in order to overcome natural frequency inaccuracy. They can be divided into two main categories: correction or postfabrication methods and prevention methods.
Among the correction methods, mass addition and reduction have been reported by several, for example in [3] small segments of thin gold layers are deposited on the vibrating mass by pulsed laser thus enabling the reduction of resonance frequency by 1.2% in a 0.5% resolution. In [6] , localized deposition of polysilicon is done by localized heating an appropriate substrate in silane gas environment. Mass reduction by ion milling to reduce the height and RIE to reduce the width of a beam was suggested in [7] and a difference of about 700 Hz for a resonance frequency set to be around 13 kHz was reported when ion milling was utilized.
Other techniques for localized mass addition or reduction using electron beam and laser are discussed in more detail in [5, pp 401-12] .
Another correction method consists of using an electrostatic force. In order for the electrostatic force to affect the natural frequency, it has to vary as a function of the displacement. For example, in [8] a frequency tuneable micro-actuator having a nominal frequency of 19 kHz was electrically post-tuned by voltage control to enable continuous tuning down to 55% of the initial frequency. The electrostatic force is achieved by implementing a theoretical comb-width profile based on simple electrostatic field calculations to obtain a constant electrostatic stiffness, independent of the position or displacement of the combs.
In [9] the natural frequency of the fabricated microresonator has been reduced electrostatically by 3.3% from the initial frequency of about 2430 Hz with a tuning voltage increase of 20 V. The tuning structure is a comb structure with linearly varying finger-length combs that generate a linear electrostatic force versus displacement relation.
Another utilization of electrostatic force to tune the natural frequency is described in [10] in which the measured natural frequency of 0.96 MHz was reduced linearly by an amount of 60 kHz using a maximum tuning voltage of 35 V. Another device in [10] had its resonant frequency reduced from 149.5 kHz to 139.5 kHz with total tuning voltage of 30 V.
Electrothermal effects are also used in order to alter the natural frequency of vibrating devices. In [4] a folded laterally resonant bulk micromachined actuated with a comb drive was demonstrated to have a tuning range of −25% and +50%. In the absence of a tuning current, its natural frequency was 1.56 kHz.
An annealing technique based on filament like heating of a surface micromachined polysilicon microstructures is demonstrated in [11] . The natural frequency was trimmed by more than 2.7% and controlled frequency trims of less than 16 ppm per trial were achievable. Initial natural frequencies were reported to range from about 240 kHz to 320 kHz depending on the tested sample.
To this end we can note that the process and device variations with the current MEMS fabrication technology are inevitable. It could be beneficial if the design would be indifferent to those variations, which brings us to the second approach to treat natural frequency inaccuracy which is the prevention approach.
An example of a prevention approach can be seen in [12] which assumes that the uncertainty in the fabrication process is introduced by etch-induced variations in line-width, and the structure is etched uniformly. The method uses numerical optimization of redundant geometrical dimensions in order to find a set of dimensions that will be most robust to the variations due to the manufacturing process. Numerical simulation of robust designs shows a much smaller (about 50%) standard deviation of natural frequency than the nonrobust design. Simulation studies were carried out on 1 kHz and 10 kHz resonators.
A similar approach can be found in [13] but this assumes that the variations are not in the design variables and is therefore not applicable to the current problem.
In [14] , the frequency robustness for a folded-beam lateral vibrating resonator is analysed using a lumped model. Based on that analysis, and an arbitrary feature width variation, an optimum design method is presented for the resonator to obtain minimum frequency sensitivity.
It is obvious that a prevention method that eliminates frequency variation due to process variations is preferred over a post-fabrication approach. All of the mentioned prevention methods were primarily developed and implemented on a single DOF system and offer a reduction in the frequency deviation. Keeping in mind the goal of utilizing the benefits of the concept as shown in [1] , that is achieving large triangular (or other periodic) waveform amplitude at low torque, we will try to develop a prevention method suited for a multi DOF system aiming to eliminate the problem at its source.
If we look at the basic frequencies that make up the triangular waveform, by looking at its Fourier decomposition, provided in equation (1), we note that they are integer multiplications of the basic frequency ω = 2πf
where θ (t) is the time domain (angular) displacement and θ 0 is a constant proportional to the maximal amplitude of the series. It is also evident that the first term in the series is the most significant one as far as the amplitude is concerned which is at least about an order of magnitude higher than all other terms. At this point, we can suggest exciting the structure at the first natural frequency f 1 and its integer multiplications, i.e. 3f 1 and 5f 1 as can be seen in figure 1 . Such excitation strategy evidently results in a much higher compliance to a 3-term triangular wave with a basic frequency of f 1 . The only possible drawback is the compromise on the basic frequency, but this can be compensated within system level, for example, corresponding video applications, by adjusting the video signal frequency to correlate to f 1 . We will refer, from this point on, to the accepted term harmonic ratios instead of the term natural frequency multiplication. At this point, it is important to investigate and better understand the impact of harmonic ratio accuracy on the compliance of the 5 DOF mirror to a 3-term triangular wave.
We will first start by introducing a new quantity that enables us to measure the accuracy of the harmonic ratios in equation
where f 1 is the first natural frequency and i and f i are the ith multiplication of the natural frequency and the associated actual natural frequency, respectively, so c i is a dimensionless, normalized value showing the normalized difference between the ith natural frequency and the ith multiples of f 1 .
Since the symmetric 5 DOF system described in [1] has three modes producing motion of the central mass (the mirror in this design), we end up with two quantities, c 3 and c 5 , that describe a single mirror. These newly defined quantities can be naturally visualized using a 2D plane, which will be addressed as the c 3 c 5 plane. Consequently, the device shown in figure 1 has accuracy values of c 3 ∼ = 1.45% and c 5 ∼ = 3.14%.
We point out that a perfect system will be visualized as a single point located at the origin of the c 3 c 5 plane.
It is worthwhile to note that we have actually created a new domain, which is the harmonics ratios domain. Such a domain can be of any order starting with 2D in the case of three-resonance system to N − 1 space in a general case of an N DOF system. This domain is a fundamental tool to understand, analyse, design and optimize systems in which the harmonic ratios are of importance.
Using the newly introduced quantities we can now examine how does the torque that is required to force the mirror to oscillate at a certain amplitude vary as a function of c 3 and c 5 . From the measurement shown in figure 1 , we can reconstruct a transfer function H(ω) of an equivalent system with perfect accuracy of harmonics so that the cost of the maximal torque is the sum of the torques needed to obtain the sum of the angular displacements as seen in equation (3) and figure 2. where a value of θ = 10
• was used for the angular displacement of the first term, resulting in a total angular displacement of about 11.5
• and ω 1 is the basic frequency of 2π · 13 716.5 rad s −1 . Referring to figure 2, graphically showing the function in equation (3), it is evident that the cost function of indicating the effect of harmonic ratio inaccuracy becomes very large even under a rather slight deviation of about 0.5%. In this case, the deviation will yield an increase in the required torque by almost an order of magnitude.
To this end, we can establish that in order to benefit from the high compliance of the multi DOF system, only the harmonic ratios should be accurate and we will now continue and analyse the causes for harmonic ratio inaccuracy.
Lumped model analysis

General consideration: scaling of the generalized eigenvalue problem
The natural frequencies of an oscillatory system are related to the mass and stiffness matrices via
Here, ω, M, and K represent the natural frequency, mass and stiffness matrices, respectively.
It can be easily proved, see appendix A for details, that for a scaled matrix
The accuracy of harmonic ratios will be the same as in the matrix M −1 K. This simple yet important observation brings us to the core idea behind the proposed method that if changes in the original matrix M −1 K, due to any contributing factors, will result only in the scaling of M −1 K then the intended harmonic ratios will be kept unchanged.
Before continuing and in order to make the detailed theory clearer by way of an example, we will present a new multi DOF structure on which the method will be demonstrated. 
An improved design, a 3 DOF structure for uniform rate scanning
The symmetric 5 DOF micromirror design presented in [1] enabled the determination of all five natural frequencies, three of them are the natural frequencies and two coincide with anti-resonance frequencies (or zeroes using dynamical systems terminology).
The minimal order of a multi DOF system with which a 3-term triangular wave can be effectively produced has only 3 DOF. But, the theoretical development of the 5 DOF system as implemented in [1] enabled the predetermination of the antiresonance frequencies. A close examination of the theoretical basis of the concept, as discussed in [1] , reveals that when one considered only one-half of the original system with free-clamped boundary conditions, exactly the same natural frequencies as the full system remain. A simple analysis shows that anti-resonances in such a case are located exactly between the resonances owing to the well-known interlacing property of poles and zeroes. Although the location of those anti-resonances cannot be predetermined by altering the mass and stiffness values in the same manner as before, its location is exactly where we would have wanted them to be in order to decay the even harmonics 2ω, 4ω.
The proposed new structure is depicted schematically in figure 3 . Actuation, denoted as force F, is exerted on mass m 3 which represents the mirror.
And the values of mass and stiffness can be easily found using the algorithm described in [1] and are given in (6)- (10) . Figure 3 depicts a translational multiple DOF system but (6)-(10) and the general approach described hereafter applies for rotational multiple DOF system as well by replacing the masses with rotational inertia and the linear springs with the rotational ones:
The main and most important benefit from utilizing the 3 DOF design compared to the 5 DOF design appears in [1] , is the geometrical separation of the system into two distinct regions: the dynamical side (right side in figure 3 ), responsible for the high compliance to the triangular wave and the actuation side (left side in figure 3 ). Any actuation method can be used with the proposed design. This separation enables higher flexibility in the design and the implementation of an actual MEMS device. Other benefits, compared to the 5 DOF symmetric system, are length reduction by a factor of 2 which will propagate to a reduced die size and thus significantly reduce the fabrication and packaging costs and higher stiffness of the springs, as will become apparent later, reduces the system sensitivity to fabrication inaccuracy.
General consideration of the entries in M −1 K and its utilization
Let us now continue the discussion and consider the 3 DOF systems that is shown in figure 3 as a typical case. Although most of the mathematical treatment applies to this example, the general approach is also valid for similar systems with more degrees of freedom. Still, there are some conclusions that better suite one-dimensional systems, e.g. a series of springs and masses (figure 3) and are not valid for three-dimensional dynamical systems.
The matrix M −1 K takes the form
Therefore, all nonzero elements in matrix (11) have the same form, soon to be found of significance in the current context. A typical term takes the form
where m, n = 1, 2, 3.
The effect of material properties on the deviation of harmonic ratios
Since the device layer, from which the resonating system is typically made, is a single crystal, its uniformity is considered perfect over the entire layer and the amount of defects, if any, are assumed to be very low, thus we can assume that mechanical material properties are absolutely uniform within a unconfined system region, which is contained within a small region of the device layer, usually only a few thousands of microns in length. We can also reasonably assume that process variations effect on material properties are territory-based and continuous in nature. So within a unique system region, our assumption regarding uniformity of material properties still holds.
Based on these assumptions and the fact that mass and stiffness are typically linear functions of material properties, we introduce
wherem n ,k m are functions of geometry only and are independent of the material properties. The corresponding system matrices will be denotedM andK. Referring to appendix B for details, if a system, represented by the matrix M −1 K, was designed to have perfect harmonic ratios, based on original material properties ρ, E and in reality other material properties are present ρ a , E a but the intended geometry is maintained then the matrix representing the actual system becomes E a ρ aM
Meaning that the modified material properties matrix, lefthand side of (15), is a scaling of the original matrix M −1 K so we can deduce that under the specified assumptions, the harmonic ratios are invariant to material properties. This is an extremely important conclusion since it also states that inaccuracy is exclusively attributed to dimensional inaccuracy, thus putting all other factors aside.
The geometrical mass and stiffness for the 3 DOF system, using (6)- (10), (13) and (14), will now becomẽ
The values of the geometrical mass and stiffness are in 1/m.
Eliminating the effect of dimensional in-plane inaccuracies on harmonic ratios
If we could find a set of dimensions such that the effect of dimensional inaccuracy will result only in scaling of the geometry matrixM −1K then the harmonic ratios will not be affected.
A simple way to achieve such a goal is to recall that all the elements in the matrixM −1K have the same form of (12), and that all the elements are the functions of geometry only.
Assuming small geometrical variations, small variations of stiffness and mass are introduced thus their new values will bek
If we could find a set of dimensions such that the relative change of stiffness will be kept to one constant value and the relative change of mass will be kept to another constant value, i.e. then using equations (21) and (22) we can writẽ
The corresponding matrix elements (12) will take the form
So the new geometrical matrix, corresponding to geometrical variations, will take the form
We can see that the geometry-related matrixM −1K is once more only a scaled version of the original geometry matrix M −1K . In this case, the harmonic ratios will be invariant to dimensional inaccuracy, thus our goal to make the frequency multiplications independent of the geometrical variations will hold to the first order.
We will now consider how equations (23) and (24) can be enforced and although general in nature also introduce the following details regarding the application of a scanning mirror.
In the application of a scanning mirror, the matching of mass variation in equation (24) is different than matching stiffness variation since in the first case ψ const is usually predetermined. Usually, mirror dimensions, both in-plane and thickness t, are dictated by optical considerations and are considered to be known, so
Now, let us start by considering the requirements onm 1 , a similar analysis can of course be performed form 2 . Massm 1 needs to satisfy both equations (16) and (24). The massm 1 is a function of geometry only, and in our specific case, a function of arbitrary in-plane dimensions that will be denoted x 1 , x 2 , . . . , x q and of the known thickness t. We can formally writẽ m 1 =m 1 (x 1 , x 2 , . . . , x q , t) .
Sincem 1 needs to meet both (16) and (24), we can deduce that it should be a function of at least two independent in-plane dimensions. We will refer to the simplest case wherem 1 is a function of only two in-plane dimensions
Simple examples of in-plane geometries that are driven by two independent dimensions are rectangle and hollow circle.
Topological design of the 3 DOF system
At this point and for the sake of demonstrating the proposed method, we will present the topological structure of the asymmetric 3 DOF system shown in a 2D plane view as depicted in figure 4 . The mirror has a circular shape, while springs and masses have a rectangular shape. All elements have nominal thickness t. We emphasize that since the device is intended for scanning proposes, all the relevant DOF of the system are rotational around the depicted centreline. Let us continue and consider the evaluation of (24). Using (24) and (29), we get For the time being, we will limit our discussion to the case where
The case where dt = 0 is discussed in detail in appendix C and is shown to have a small effect on the accuracy of the proposed method.
It is easy to see that without the knowledge on the dimension differentials we cannot equate both sides of (32). But if we can find a way to equalize the absolute value of dimensions differentials denoted as dz so
And using (35), we can now rule out dz from both sides of equation (32), so a new value can be introduced instead of (24) which is the sum of normalized mass gradients. We will denote this value asψ const ,
where δ i has the value of ±1 according to the influence of the trench variation on the specific dimension as detailed in the following text. Intuitively,ψ const can be understood as the amount of relative variation of the geometrical mass due to DRIE inplane dimensions.
Similar consideration can be made regarding (23) but pointing out that the matching of stiffness elements is not constrained to any predetermined value as in (29), one has
At this point, we will discuss the effect of DRIE trench width variation on in-plane dimensions and see how we can achieve the important condition stated in (36).
DRIE process and feature dimensions tolerance
In the DRIE process features are created by the removal of material in the shape of trenches, so it is worthwhile considering the effect of the trench width variation on feature dimension. We have concluded that within a single system material properties are the same, and we are also aware that DRIE and related fabrication processes are usually location variant. We can thus assume that the process-related parameters are constant within a single system so we can conclude that trenches that have the same nominal width will change identically the same as depicted in figure 5 . We will also assume that the trench centre location does not change.
In figure 5 , bold lines show the trench edges in case of nominal-sized trenches, while the dotted lines show the case of an over-etched trench. Under-etched trenches are also accounted for by the following equations.
First, let us define the trench width tolerance (TWT) as
It is obvious that dimensions that are related to close trench edges like w 0 will decrease as trench width increases while dimensions that are related to far trench edges like W 0 will increase.
According to our assumptions, we can write, with regard to trench centrelines,
So,
Meaning that w decreases in the amount of the trench tolerance. Similarly, regarding the far edges feature dimensions, we can show that
We have established that if the features are bounded by trenches of the same nominal width then all feature dimension tolerances will have the same absolute value and that this value is exactly the tolerance of the trench width variation TWT.
At this point, it should be emphasized that the verticality of the trench walls is usually not perfect, yet industry experience indicate that a set of DRIE process parameters can be found in order to make trenches having uniform width to have the same wall vertical angles.
This assumption is strongly supported by [19] in which it was shown, refer to figure 2 in [19] , that trenches of width in the range of 10-20 µm had less than 0.01
• verticality error, while trenches exceeding that range suffered from vertical deviation of up to 1
• . It proves beneficial to keep an equal trench width for all the trenches surrounding ac certain features. In this case, as shown in [19] , the process can be tuned to produce practically vertical walls, in addition to the benefits of meeting the condition specified in (36).
Another issue that should be addressed at this point is notching or undercut which are assumed to be relatively small (i.e. smaller than 0.3 µm, see [19] ) compared to MEMS mirror's thickness that are typically in the range of 20-70 µm.
Now that all the necessary theoretical background of the proposed method has been laid, it can be described by the following phrase in order to implement the method one needs to satisfy (37) and (38), while surrounding all features with trenches of the same nominal width and consequently (36) will be met.
Numerical analysis
We will now present a numerical example of the proposed method and consider the case of the system as depicted in figure 4 .
The normalized moment of inertia of the circular mirror is, see [18] ,m
Form 1 of a rectangular shape, see [18] ,
Since all dimensions are bounded by close trench edges, and if we make sure that those trenches will be of the same nominal width as explained earlier, then And equating (37) form 1 andm 3 , we get
As mentioned earlier, the diameter and thickness of the mirror are usually predetermined by optical considerations so (46), combined with equation (16), is a polynomial of order six that can be solved numerically for w and a.
As a numerical example, we take a circular mirror having dimensions of D = 500 µm, t = 50 µm and obtain two real solutions for w and a: Figure 6 shows a plot ofψ 1 , which is the left-hand side of equation (46), versus w for a mass that meets (16) andψ 3 which is constant due to optical requirements. The solution is the intersection point of the two. The left solution corresponds to a wide rectangle and the right one to a narrow one. If the total length of the system is of importance, then the narrow rectangle solution may be preferred.
We will now refer to matching of spring variation and consider the case of a rectangular cross-section torsion bar (see figure 4) . This geometry has two independent in-plane dimensions so is suitable for our purpose.
Normalized spring stiffness is, according to [16, pp 59-62] , isk
Here, spring dimensions are L length, w s width and t thickness, where w s t. And β is a function of w s and t
) ( Since w s is bounded by close edge trenches
And since L is the length of the trench dL = TWT.
We obtain from (38), (51) and (52) that
Since there is no value ofφ to match, we can theoretically set it to any arbitrary value. But it is very important and will become more so later to try to minimize the value ofφ as possible.
In order to better understandφ, we will plot the value of φ versus the spring width w s . We assume once more that the mirror's dimensions are known.
By equating (49) to any of (18)- (20), we can extract L and substitute its value to (53) to obtaiñ
The plot ofφ i versus w s for i = 1, 2, 3 is shown in figure 7 for values of t = 50 µm, D = 500 µm, G = 79e9 Pa, ω = 2π · 15 000 s −1 , ρ = 2330 kg m −3 . We can understand that reducingφ will result in large width and length of each spring as well as the total length of the system. We will soon see why it is very worthwhile to explore such a design.
Numerical investigation of the proposed method
We will now investigate several cases in order to evaluate the actual benefit of the proposed approach.
The first case is the straightforward implementation of the new approach whereψ 1 =ψ 2 =ψ 3 (55) 
In order for a unique design to be calculated, another constraint must be implemented. In our case, the total length of the system is a natural constraint. In this example, the total length was limited to 2500 µm and with a mirror of D = 500 µm and t = 50 µm. We can iteratively computeφ const versus the total length of the system until a total length of 2500 µm is achieved, this yield inφ const ∼ = −0.097 31 µm −1 and from (37) or right-hand side of (46), we get
The calculated corresponding dimensions are listed in table 1 referring again to figure 4. We can see that the difference in w s is in the order of 0.1 µm. In order to implement such a difference, an accurate lithography mask must be implemented so all dimensional variations will be only process-related and thus (36) will be met. Such lithography masks are available although higher in cost.
In order to investigate the effect of TWT on the c 3 c 5 plane, we will plot the distance figure 8 . This case will be denoted as case 1. We see that the implementation of the proposed method results in a reduced sensitivity to dimensional inaccuracy that for practical purposes can be considered zero.
Another important aspect for the analysis is the variation of the first natural frequency as a function of TWT as can be seen in figure 9 .
Here, f 1 nominal is the intended, designed value, in our case 15 kHz. We see that the first natural frequency is reduced up to about 5% as the trench tolerance is increased up to 1 µm. It is worth repeating that the resulted variations in c 3 c 5 changes that are three orders of magnitude smaller than the absolute change in frequency and the maximum change in harmonics multiplications are about 0.003% (as was shown in figure 8 ).
We should also point out that the relative change inψ is much smaller than the relative change inφ, this means that the sensitivity to geometry variation of the springs is much higher, ) ( this is due to the relatively small width of the springs compared with any of the masses dimensions. This observation suggest that one should choose wider springs when possible.
We will now consider two cases in whichφ i andψ i will be intentionally different while the total length of the system is kept at 2500 µm.
The specific dimensions of the corresponding elements can be calculated using (16)- (20), (37) and (38) with the values ofφ i andψ i listed in table 2. In case 2φ i is kept constant to the value of the proposed method whileψ i is intentionally different, and in case 3ψ i is kept constant whilẽ φ i is intentionally different.
Graphs for systems having the same total length of 2500 µm are shown in figures 10(a)-(c) . It is evident from figure 10(a) that mismatching of springs, case 3, will cause a very large impact up to about 12% deviation in harmonics ratio. On the other hand, mass mismatch represented by case 2, will have a much smaller impact with the maximum of 0.14% versus 0.003% as can be seen more clearly in figure 10(b) . This again shows the importance of spring variance matching. This phenomenon cannot be predicted by looking at the change of the first natural frequency alone as can be seen in figure 10(c) in which all cases resemble.
We will now consider three other cases of interest in which spring widths are kept the same for all springs (see table 3 ). This case is of interest since, if there is no specific reason, it is very reasonable to keep the spring width the same. We should note that system's length is not fixed butψ i is kept constant at the nominal value of (57). Results are shown in figures 11(a) and (b).
We now see that wider springs are better, both for the accuracy of the first natural frequency and also for the harmonics accuracy. We can also note that although wide springs (see case a) that are close in values to the best design, case 1, exhibit small sensitivity to trench variations and have a maximum of about 0.08% they are still much higher than if the proposed approach is implemented with a maximum of only 0.003%.
MEMS design of the 3 DOF asymmetric mirror
For the MEMS implementation of the proposed design an actuation method was chosen and designed. A single layer vertical comb-drive (VCD) actuation, see [15] , has been found to be suitable for the demonstration of the proposed device and method since it is easy to manufacture, produces relatively large and linear torque and enables large deflection angles.
In order to reduce the risk of side pull of the VCD a counter spring was used, this changes the lumped model that has been described in figure 3 , but a solution can still be found to satisfy the natural frequencies of ω, 3ω, 5ω, although anti-resonance frequencies shift slightly from the known location of 2ω, 4ω.
A FE model showing the third mode corresponding to 3ω is depicted in figure 12 and animation files Mode1Animation.avi, Mode3Animation.avi and Mode5Animation.avi showing the natural modes corresponding to the appropriate resonance frequencies are available in the online version of this paper at stacks.iop.org/JMM/18/025028.
As mentioned earlier, the details of the FE model including assumptions, convergence and final dimensions were dealt within the course of this work but they are beyond the scope of this paper. We should point out that the diameter of the mirror was 500 µm and the total length of the system, from the end of the first spring to the end of the opposing spring, was 3688.5 µm.
Another aspect of the MEMS design included the design of five distinct different devices designed to be located in the origin and in four quarters of the c 3 c 5 plane as depicted in figure 13 . Beside the device group that is naturally located at the origin, four other groups designed at locations were |c 3 | = 0.75% and |c 5 | = 0.75%. Some variance of the groups was assumed, shown as hatched squares in figure 13 , since we are aware that our previous theoretical assumptions regarding material and trench uniformity cannot be perfectly met in practice. The different groups were located far enough from each other such that they will be statistically distinct.
The rational behind the design of these groups was to investigate whether any systematic behaviour in a relative and absolute manner can be observed, i.e. can we affect the bias of the harmonic multiplications with the proposed design approach? If this test shows deterministic results, we expect that we will be able to predict the next batch's performance (in terms of accuracy).
The MEMS implementation of the different groups of devices was carried out by designing different spring length for each type of device while other dimensions like VCD features, mirror diameter and other masses dimensions was kept exactly the same. The shift of a system in the c 3 c 5 plane as a function of change in springs and masses is a very important and interesting issue, but is also far beyond the scope of this paper. 
Fabrication
A typical fabricated device is shown in figure 14 taken under a microscope. It can be classified as a comb-driven single layer SOI device. 118 dies sized 6 mm × 6 mm each containing one system were designed per 4 inch wafer and only a few wafers were fabricated during the research period.
In order to prevent bias attribute to the relative location of a device on the wafer, a mask matrix of 3 by 3 devices was designed, each having four origin devices, four for each of the quarters and one test device. The 3 by 3 device mask matrix was patterned over the entire wafer mask.
The fabrication process was designed to utilize wellknown and stable processes in order to enable prompt progress in the research. The terraced comb drive structure is achieved by fixing the stator with a UV curable adhesive dispensed on the flexures after it has been lowered 25 µm using a manual micro-manipulator. To enable parallel lowering of the stator, it was designed to have very low stiffness in the out-of-plane direction and high stiffness in other directions utilizing a serpentine-shaped springs. The point of force excretion for parallel lowering of the stator was marked by the circular gold marks. The micro-manipulator exerted the lowering force on the centre of the circular marks.
Sacrificial areas were designed in order to keep the trench width the same around the structure, so equation (36) will be met while enabling large openings around vibrating elements in order to keep air damping, both squeeze and drag, to a minimum. Since squeeze damping is highly dependent on the proximity to objects parallel to the vibrating masses (see [17] ), a 400 µm handle layer was selected for fabrication purposes.
The fabrication of the device started with a SOI wafer consisting of a 50 µm device layer, 400 µm handle layer and a 2 µm BOX layer and consisted of the following six primary steps.
Step 1: Etch back of METAL layer deposited by sputtering seed layer of Cr 900Á and an Au layer of 5000Á to create pads, circular marks and labelling.
Step 2: Double side oxidation by PECVD front side 5000Á, back side 4.5 µm as a preparation for DRIE steps. Step 3: DRIE process on the handle side is used in order to free the 3-mass mirror system from the handle layer.
Step 4: DRIE process on the device side in order to free the 3-mass mirror system from the device layer.
Step 5: Dicing while the structure is still held together by the BOX layer.
Step 6: Etching of the oxide layer is used to free the structure from the oxide layer thus enabling it to vibrate freely.
These are all common and well-known procedures.
Experimental results
The experimental setup consisted of a laser vibration and displacement sensor, a multi-channel, 16-bit data-acquisition system sampling at a rate of 200 kHz for the FRF tests and a 300 MHz oscilloscope sampling at a rate of 12 MHz for the triangular wave tests. Using an optical microscope, the measuring laser beam is being reduced to a diameter of about 5 µm. The laser beam was located near the edge of the mirror, far from the rotation axis, thus attaining maximum sensitivity in the rotational mode of motion. On each of the two stators, an equal dc voltage with opposite potentials was applied. The rotor was subjected to an ac voltage at the excitation frequency; this is a common actuation method (see [16, p 206] ). FRF results were close in shape to the expected results and resemble the ones showing the FRF measurement of the 5-mass system. For this reason they are not shown again.
Accuracy in the c 3 c 5 plane
The accuracy in the c 3 c 5 plane of a total of 128 3-DOF devices utilizing the proposed method is shown in figure 15 . The different groups are marked Q1, Q2, etc, to indicate their predesigned location in the different quarters of the c 3 c 5 plane. A big + (plus) mark is located at the average location of the origin group and other four similar signs are located with a difference of | c 3 | = 0.75% and | c 5 | = 0.75% relative to the origin group average. Table 4 contains statistical information regarding the different groups is the c 3 c 5 plane.
The relative location of the group's average is highly maintained with a maximal difference of only 0.06%, meaning for example that for a target of 3f 1 = 45 kHz the actual natural frequency f 3 differs by only 27 Hz at the maximum. For group Q3 this value is only 0.9 Hz.
The standard deviation within each group is in the range of a few tenths of a percent, 0.1%, which is considered to be a satisfactory result. For example, 99.7% of the population of group origin are contained in the range of ±189 Hz relative to 3f 1 .
The general shift of all groups in the c 3 c 5 plane towards quarter no 1 could not be attributed to any of the known factors and will need further investigation.
Nevertheless, the fact that we can pre-design the relative location of the devices in the c 3 c 5 plane and that the scattering is relatively low, suggests that we can iteratively adjust the mask dimensions so most of the population of the origin group will have a harmonic ratio accuracy of only a few 0.1%.
The variation within each group is attributed to the fact that the simplifying assumptions made regarding the exact trench width variation are not perfectly met. An analysis including optical and process effects, their probability and their effect on the harmonic ratio accuracy is suggested for further research.
In order to appreciate the benefits of the proposed method and design, we show in figure 16 the new device results and the entire fabricated 5 DOF devices, a total of 50, which were fabricated in different batches without the implementation of the proposed method. It is easy to see that the new devices have very low scattering relative to the prior design. Furthermore, we demonstrate for the first time a pre-designed control of the location of the groups in the c 3 c 5 plane thus establishing such analytical and practical ability.
Producing triangular wave-experiments
In the second type of experiments, an arbitrary waveform generator was used in order to generate an excitation waveform Here, V 1 (t) is the voltage applied to the VCD (see [16, p 206] ) and a tuning process was carried out by iteratively changing B 1 , β 1 , B 3 , β 3 , B 5 , β 5 until the best approximation of a triangular waveform was obtained. Figure 17 shows the deflection angle of a mirror with accuracies of (c 3 , c 5 ) = (−0.15%, 0.20%) taken at atmospheric pressure and a dc and ac maximum voltage of 50 V operated at a basic frequency of 13.396 kHz.
Since the deflection angle is very close to the perfect 3-term triangular wave, only the error term is plotted alongside the wave itself. The maximal value of the error is 0.0617
• .
The maximal angular displacement was only limited due to electrical breakdown of the BOX layer which is expected to be simply solved by employing thicker layer SOI wafer. Extrapolation predicts that a voltage level of 67 V should be sufficient to achieve angular amplitude of 10
• , which was the goal of the research.
Summary
We have presented a method that significantly reduces the effect of DRIE fabrication inaccuracy on the compliance of a multi DOF that is tailored to produce a selected periodic waveform. It was concluded that only geometry variations contribute to the compliance of the system and was demonstrated that using the method it was possible to make a MEMS mirror device having accuracy in the order of 0.1% in harmonics ratio. The same devices have produced a triangular wave amplitude of 4.953
• with an excitation voltage of 50 V at a basic frequency of 13.396 kHz in atmospheric pressure.
We will emphasize that material properties may change from the area of one system on the wafer to another, but it is assumed, as explained in the text that the material properties within a unique system are the same for all the elements. For the sake of simplicity, we limit our proof to isotropic material.
Generally, mass (or inertia) and stiffness depend on material properties and geometry alone, furthermore they are usually linear functions of material properties so the matrix elements m n and k m can be represented as m n = ρ n ·m n , (B.1)
wherem n andk m are functions of geometry only and are independent of the material properties, density and elasticity, respectively. We will also note at this point that E represents a generalized elasticity module and can represent shear modules G as well.
We have already established that within a unique single system, mass and spring elements have exactly the same material properties. Using that assumption and (12), the matrix M −1 K can be represented as
whereM,K depend on the geometry only and are thus independent of the material properties. If a system, represented by the matrix M −1 K, was designed to have perfect harmonic ratios, based on original material properties ρ, E and in reality other material properties are present ρ a , E a but the intended geometry is maintained, then the matrix representing the actual system becomes Meaning that the modified material properties matrix, lefthand side of (B.4), is a scaling of the original matrix M −1 K so we can deduce that under the specified assumptions, harmonic ratio accuracy is invariant to material properties.
We should note at this point that although harmonic ratio accuracy is invariant to material properties, the actual natural frequencies themselves will definitely change from one system to another according to the change in material properties.
